In this work we develop an analytic approach to study pulsar spindown. We use the monopolar spindown model by , which assumes an inverse linear law of magnetic field decay of the pulsar, to extract an all-order formula for the spindown parameters which are expressed in terms of modified Bessel functions. We further extend the analytic model to incorporate the quadrupole term that accounts for the emission of gravitational radiation, and obtain expressions for the period P and frequency f in terms of transcendental equations. We derive the period of the pulsar evolution as an approximate first order solution in the small parameter present in the full solution. We find that the first three spindown parameters of the Crab, PSR B1509-58, PSR B0540-69 and Vela pulsars are within their known bounds providing a consistency check on our approach. After the four detections of gravitational waves from binary black hole coalescence and a binary neutron merger 170814, which was a novel joint gravitational and electromagnetic detection, a detection of gravitational waves from pulsars will be the next landmark in the field of multi-messenger gravitational wave astronomy.
Introduction
Pulsars are highly magnetized neutron stars which are known to rotate rapidly due to various physical mechanisms [1] . These mechanisms involve electromagnetic and gravitational emissions which result in the spindown of the GW frequency of the emitted pulsar signal [2] .
In their paper on monopolar pulsar spindown, Alvarez and Carramiñana have considered a general multipole spindown to study pulsar evolution [2] . In this model, a monopolar term was 2 A model for pulsar spindown
We consider the spindown model derived from a general spindown law [2] , f = −F (f, t) (1) This law expresses the change of pulsar frequency with respect to time and assumes that the frequency is a positive, antisymmetric and continuous function of time. Following these properties, the even powers of f are excluded and the first three non-zero terms in the Taylor expansion of Eq.(1) are,ḟ = −s(t)f − r(t)f 3 − g(t)f 5
The first term, namely the monopolar term was introduced by Alvarez and Carramiñana (2004) to take into account particle acceleration mass loss or pulsar winds. This term further enables the braking indices to be in accord with the trajectories in the P ¬Ṗ diagrams for pulsar evolution. The second and third terms incorporate the normal spindown mechanisms of magnetic dipole radiation and gravitational radiation. For the frequencies measured in known, isolated pulsars, higher order terms can be neglected. In contrast, the spindown of millisecond pulsars has shown features strongly in contrast with typical pulsars. Hence, this model does not describe binary pulsars. A thorough analyses of binary pulsar spindown has been done in several excellent works [5, 6] , to cite but a few.
Since
For a simpler analysis for older pulsars, the quadrupole term g(t) is dropped, as it does not give an appreciable contribution:Ṗ ≃ s(t)P + r(t) P
The assumption is that the frequency/period evolution changes as the magnetic field B(t) = B(0)/ (1 + t/t c ) decays. Moreover, the {s(t), r(t)} ∝ B(0) 2 ψ( t tc ); thereby r 0 , s 0 are obtained from pulsar evolution studies [2] .
From the use of the inverse linear law in Eq.(4), we find,
where r 0 0, s 0 0, and t c is the characteristic time of the magnetic field decay.
If we have the initial condition P (t 0 ) = P 0 , then the solution of this equation is given below:
In the most general form, for s 0 > 0, r 0 > 0,
where
, and f (0) = f 0 , For t c ≫ t and t 0 = 0,
It should be noted that Eq.(8a) can also be expressed to account for a possible negative sign in s 0 as
It should be observed that the inclusion of a quadratic term in f for a case in which f is not antisymmetric would not present undue problems in the solution of the nonlinear differential Eq. (2) .
For pulsars such as PSR B1509-58, there is an initial phase of strong gravitational spindown with the quadrupole parameters being at least two orders of magnitude higher than that of the other pulsars. We extend this model to further include the quadrupole term. Inclusion of the quadrupole term to consider the effects of spindown to GW emission, gives
Multiplying by P 3 we obtain
Let Q = P 2 , in the above differential equation. Thereby, dQ = 2P dP , and
Integrating both sides of Eq. (9), we obtain
The initial condition P (t 0 ) = P 0 can be used to fix C , which can be expressed in the form:
Therefore the full solution to Eq.(10) can be expressed as
Eq. (17) is symmetric under interchange of a and b, suggesting a very interesting pattern of the generalized Lambert W function [31] , which we explore in the next section.
We can solve for a and b by finding the roots of the quadratic expression of
. Here
Here s 0 ≥ 0, r 0 ≥ 0 and g 0 ≥ 0 where s 0 > r 0 > g 0 . By letting b = aǫ for small b, we obtain
It is worthwile to keep in consideration the possibility that the coefficients s 0 , r 0 ,g 0 can change sign to indicate the occurence of glitches in some time segments of pulsar data. Then there is a spinup in those time segments. Although Alvarez and Carramiñana [2] considered the coefficients s 0 , r 0 and g 0 to be ≥ 0, to restrict the study to spindown of pulsars, it is worth to keep open the cases where one or more of s 0 , r 0 and g 0 could be < 0, giving rise to the possibility that a and/or b could be < 0. Such cases of negative values can indicate pulsar spinups, also known as glitches. Glitches are discrete changes in the pulsar rotation rate that is often followed by a relaxation [7, 8] . The cumulative effect of glitches is to reduce the regular long-term spindown rate |ḟ | of the pulsar.
The Lambert W Solution
Under the special case of a = b, which may be a rare situation when the expressions in the radical sign in Eqs.(18a) and (18b) vanish, the left hand side of Eq. (14) can be integrated as
When t = 0 and Q = Q 0 ,
The solution can be concisely written as ,
Substituting a Q+a = z and a Q 0 +a = z 0 , we obtain by exponentiation on both sides e − log z+z = e 2s 0 t+z 0 −log z 0 (23) Rearranging gives
This transcendental equation can be solved to yield
where W is the Lambert W function [32] . Thus, again for t c ≫ t
where Q and Q 0 as defined previously are Q = P 2 and Q 0 = P 2 0 .
W (z) has the series expansion
Spindown as a function of frequency
From Eq.(19), we give an equivalent expression in terms of the frequency
For g 0 ≪ r 0 < s 0 , a given by Eq.(18a), with b = aǫ (ǫ ≈ 10 −2 ) and s c = (1 − ǫ)s 0 , we obtain,
which can be written as
For the Crab pulsar, for this case of using the inverse magnetic law, r 0 = 7.5 × 10 −12 Hz −1 , s 0 = 9.4 × 10 −15 Hz was determined in [2] , however g 0 was not found as this parameter was assumed to be zero in their model. 
Comparing the expression of f here with that for g 0 = 0,
, we find that when ǫ = 0, the above two equations coincide exactly.
For ǫ = 0, Eq.(32) can be written as,
This can be written approximately, if one ignores the higher order terms in the curly brackets as
It should be noted that for g 0 = 0,
where C = . Consequently, λ 0 will not be the same as given previously (λ 0 = s 0 + r 0 f 2 0 ), but will be
Hence, 
where the |r 0 | addresses the situation where r 0 < 0. This expression can be more concisely written as
where Λ = λ 0 − f 
Gravitational Wave Signal with Spindown Corrections
Based on the derivations done in section 2, we have two cases: g 0 = 0 (ǫ = 0) and g 0 = 0 (ǫ = 0). We explore both cases below. It should be noted that time-dependent r 0 , s 0 are taken from Table 3 . in Alvarez and Carramiñana [2] , assuming an inverse linear magnetic field decay timescale consistent with r 0 ≥ 0 and s 0 ≥ 0. g 0 is taken from the stationary multipole model in Table 1 . [2] , which also contains values of r 0 and s 0 , which differ little from those in Table 3 . [2] . Better values of r 0 , s 0 including the presently undetermined g 0 should be available from pulsar data in the coming years.
Using the binomial expansion we can rewrite this as (1
Higher order terms were dropped. Since t/t c ≪ 1, we have
From the orthogonality conditions of Chebyshev polynomials,
we obtain the following expression for the spindown parameters, 
Evaluating the integral enables us to find f k ,
where I k (p) is the modified Bessel function.
For the Crab pulsar with τ min ≈ 962 years, we have
(56)
The period of the Crab pulsar is 33.5 × 10 −3 s, hence the frequency is 29.8508 Hz.
The values of the calculated spindown parameters are shown in Table 1 above and within the prescribed limit |f k | ≤
, which is consistent with the parameterization of Brady & Creighton and Jaranowski et al. [28, 30] . This is also a good indication of the robustness of the model by Alvarez and Carramiñana [2] where r 0 and s 0 were determined independently of f 1 , f 2 and f 3 .
b. g 0 = 0 (ǫ = 0) f pulsar (t) now assumes the form
where higher order terms are dropped, but can be included if a more accurate approximation is warranted.
Hence,
For s 0 > 0, g 0 = 0, λ c < λ 0 , the spindown coefficient |f k | will be having slightly higher values in comparison to the case when g 0 = 0. Also when g 0 < 0, as can occur for spinups, C will be positive and |f k | will be lower during such time segments. For s 0 < 0, the expression for f (t) is modified accordingly as demonstrated in the limiting case of g 0 = 0 in Eq.(8b) above, whereby higher values of the spindown parameters are obtained.
For a relatively old pulsar, such as the Vela pulsar, only three spindown parameters may be adequate. For a young pulsar, g 0 could be more significant and more spindown parameters need to be evaluated. Eq.(52) provides the analytic expression for f k , which could be used for all spindown parameters.
Conclusions
In earlier works [33] [34] [35] [36] [37] we have implemented the Fourier transform (FT) of the Doppler shifted GW signal from a pulsar with the Plane Wave Expansion in Spherical Harmonics (PWESH). It turns out that the consequent analysis of the Fourier Transform (FT) of the gravitational wave (GW) signal from a pulsar has a very interesting and convenient development in terms of the resulting spherical Bessel, generalized hypergeometric, Gamma and Legendre functions. These works considered frequency modulation of a GW signal due to rotational and circular orbital motions of the detector on the Earth. In later analysis, rotational and orbital eccentric motions of the Earth, as well as perturbations due to Jupiter and the Moon were considered [37] . The numerical analysis of this analytic expression for the signal offers a challenge for efficient and fast numerical and parallel computation.
The recent detection of gravitational waves from black hole mergers is an outstanding success of theoretical physics and experimental gravitation. Gravitational wave detectors like the LIGO, VIRGO, LISA, KAGRA and GEO 600 are opening a new window for the study of a great variety of nonlinear curvature phenomena. Detection of GW necessitates sufficiently long observation periods to attain an adequate Signal to Noise ratio (S/N). The data analysis for continuous GW, for example from rapidly spinning neutron stars, is an important problem for ground based detectors that demands analytic, computational and experimental ingenuity. The Crab and Vela pulsars are among the iconic sources of GW emissions. Abbott et al. have presented direct upper limits on GW emissions from the Crab pulsar [38] . The searches use the known frequency and position of the Crab pulsar. They find that, under the assumption that GW and the electromagnetic signals are phase locked, their single template search results constrain the GW luminosity to be less than 6% of the observed spindown luminosity, and beats the indirect limits obtained from all electromagnetic observations of the Crab pulsar and nebula. Similarly, Abadie et al. have given the direct upper limits on GW emissions from the Vela pulsar using data from the VIRGO detector's second science run [39] . The Square Kilometer Array (SKA) will soon be in operation, and along with Advanced LIGO, VIRGO, KAGRA and the upcoming IndIGO, direct detection of GW from pulsars may become a reality and serve as a landmark in the field of multi-messenger grativational wave astronomy in the very near future.
In this work, we have presented an analytic formulation for determining spindown parameters in the Brady and Creighton approach [28] using a pulsar model which assumes an inverse linear law decay of the magnetic field [2] . We were able to extract these parameters using the exact solution involving the monopolar, dipolar and quadrupolar terms in the model and found these to be proportional to the modified Bessel functions. For the Crab, PSR 1509-58, PSR 0540-69 and Vela pulsars, we obtained the first three spindown parameters which were within the limit |f k | ≤ 1 τ k min . This is consistent with the parameterization of Brady & Creighton [28] and Jaranowski et al. [30] , and a good indication of the robustness of the model by Alvarez and Carramiñana [2] . Further, we were able to find the full solution for the period (frequency) evolution. With the determination of the quadrupole coefficient g 0 from data, our solution can be incorporated for further improvement in accuracy of the spindown parameters.The study of pulsar spindown and evolution of its braking index will lead to further interesting explorations of the anomalies present in the timing structure, not only in connection with gravitational waves, but also in the fundamental aspects of quark deconfinement in pulsar cores [40] . The study of pulsar spindown also implicitly involves the role of spinups. The physics behind glitches is an active ongoing area of research that presents challenging studies such as the interior of neutron stars and the properties of matter at ultra high nuclear densities [41] . We are presently working on utilizing the available data on isolated pulsars towards finding fits for the P ¬Ṗ diagram that would also include the quadrupole term g 0 using the analytic expression derived in this work to study gravitational wave data mining for the Crab Pulsar [42] . We hope to further improve the accuracy of the spindown parameters for GW signal detection and extend the applicability of our approach to younger pulsars. In forthcoming work, we plan to develop the analytic Fourier Transform of the pulsar GW signal to include spindown [43] .
